Protonium formationp + H →pp + e is investigated theoretically at centreof-mass collision energies less than E = 10 eV. In previous studies on the break-up ionizationp + H →p + p + e, the present author introduced the direct numerical method using a discrete-variable-representation technique to solve the time-dependent (semiclassical) Schrödinger equation. The same method is applied to protonium formation. The reliability of the adiabatic molecular picture is examined for the calculation of the formation cross section. At very low energies, the centrifugal barrier plays an important role in the protonium formation as found in a variety of ion-molecule chemical reactions.
Introduction
Protonium (pp) formation in slow collisions between an antiproton (p) and a hydrogen atom,
is of interest for research in physics not only of exotic atoms but also of negative ions. This process has been extensively studied by Cohen (1987 Cohen ( , 1997 Cohen ( , 1999 ) using a classical trajectory Monte Carlo (CTMC) method. The CTMC calculation for the process (1) was also carried out by Schultz et al (1996) . These studies have shown that protonium formation occurs only at centre-of-mass (CM) collision energies E I (= 13.6 eV). Because of its importance at very low energies, as suggested in the CTMC studies, accomplishment of a rigorous full quantum mechanical calculation is strongly desired to get a thorough understanding of the formation mechanism. Such an effort has been made recently by Voronin and Carbonell (1998) , who have studied the low-energy limit of the cross section for the process (1). At the present time, however, a full quantum mechanical calculation requires hard labour because protonium is formed mostly in very high orbital states (Cohen 1987 , 1997 , Voronin and Carbonell 1998 .
Owing to this nature, we can expect that a semiclassical approach, which describes the heavy particles (p and p) classically and the electron quantum mechanically, is more suitable to investigate protonium formation.
To date, various time-dependent semiclassical calculations have been carried out forp + H collisions. Most of the calculations have aimed at investigating the break-up ionization processp
in the energy region of E > 1 keV. Here, we should consider two types of semiclassical calculations: one based on direct numerical solution (Schultz et al 1996 , Sakimoto 2000b and the other based on a close-coupling (CC) expansion using singlecentred atomic-orbital (AO) bases (Schiwietz et al 1996 , Hall et al 1996 , Igarashi et al 2000 .
The break-up cross sections obtained by these calculations agree well with each other, and also with the experimentally measured results of Knudsen et al (1995) at energies E > 50 keV. However, the CC method using the AO basis would be numerically inefficient at low energies E 1 keV. Furthermore, in most of the semiclassical studies, a linear trajectory is simply assumed for thep motion. Clearly, for the study of protonium formation (1), a more justifiable treatment of the trajectory is crucial.
As is conventionally done in slow atomic collision problems, one may rely on an approach using an adiabatic molecular orbital (MO) picture to study protonium formation (1). Wightman (1950) and Morgan and Hughes (1970, 1973) employed the adiabatic potential to calculate the cross sections for the capture of negative antiparticles by a hydrogen atom. This method is attractive because the calculation of the cross sections can be easily made. However, the present author (Sakimoto (2000b) , hereafter referred to as paper I), using the direct numerical solution, has shown that the non-adiabatic coupling remains very strong even at very low energies. No one has confirmed yet to what extent the adiabatic picture is useful to investigate protonium formation. Carrying out the dynamical calculation that takes account of the non-adiabatic effect accurately is highly desirable to give a solution to this interesting problem.
Using the semiclassical method, Kwong et al (1989) made the calculation for muon (µ − ) capture by a hydrogen atom, which is a process similar to (1). They described the µ − motion classically with the use of some average force which reflects the quantum motion of the electron at each instant. The time evolution of the electron wavefunction was calculated using the direct numerical solution. Tracing the µ − trajectories, they obtained the capture cross section. The method of calculating the µ − trajectory is the same as that used in the study of ion-molecule chemical reaction (Sakimoto 1981) . In the case of ion-molecule collisions, the anisotropic potentials can affect significantly the ion capture by a molecule, and the molecular rotation must be described quantum mechanically at very low energies (E 1 eV). This semiclassical approach was found to be very useful for the understanding of the low-energy ion-molecule reaction.
In paper I, to study the break-up ionization (2) at low energies, the present author employed a new semiclassical approach, which was successfully introduced for the calculation of the vibrational/rotational excitation and dissociation in molecular collisions (Sakimoto 1999 (Sakimoto , 2000a . In paper I, only the radial distance R between the antiproton and the hydrogen atom is described classically; all the other degrees of freedom are described quantum mechanically. Since the conservation of the total angular momentum is correctly (quantum mechanically) taken into account, this approach is more appropriate to treat low-energy collisions, and is superior to the previous semiclassical type of the present author (Sakimoto 1981) or Kwong et al (1989) . One other important point in paper I is that the time-dependent Schrödinger equation has been solved directly by using a discrete-variable-representation (DVR) technique (Light et al 1985, Baye and Heenen 1986) . The DVR method is numerically efficient to handle the ionization or dissociation motion in which the wavefunction is very diffuse. However, the Chebyshev mesh was used for the electron radial coordinate r in paper I. For this reason, the electron must be confined within a finite radius (r r max ). As is usually done in the time-dependent calculation, an absorbing imaginary potential has to be applied near the edge r = r max to avoid a spurious effect caused by the electron reaching the edge. Owing to the presence of the imaginary potential, the calculation in paper I was limited to the energy region E > I. The Chebyshev mesh is not suitable for describing protonium formation.
Very recently, the present author (Sakimoto (2000c) , hereafter referred to as paper II) has applied again the semiclassical method of paper I to the ionization process (2) at high energies E 0.5 keV, but using the Laguerre mesh instead of the Chebyshev one. In the Laguerre mesh, the edge problem mentioned above is absent, and hence we no longer need to introduce the imaginary potentials. Additionally, it has been found that the Laguerre mesh is far superior to the Chebyshev one for the convergence with respect to the number of mesh points. Thus, we can expect the Laguerre mesh to also be very useful for calculating the low-energyp + H collisions. In this paper, the numerical method of paper II is applied to study protonium formation inp + H(1s) at energies E 10 eV. Since the present calculation can be done in a numerically accurate manner within the framework of the semiclassical theory, we examine the reliability of the adiabatic picture for the description of protonium formation. The extension of the semiclassical method of paper II to a full quantum mechanical treatment is straightforward, since the angular momentum conservation is already taken into account. The full quantum mechanical calculation will be considered in a future study. Introduction of the semiclassical approximation significantly reduces the computational effort. This paper is very helpful to get an understanding of the non-adiabatic effect in various aspects, and also to supply a guideline for achieving a full quantum mechanical calculation.
Theory
Details of the theory and the numerical method have been given in papers I and II. To describe thep + H system, we introduce the vectors R and r, respectively, for the positions of the antiproton from the centre of mass of the hydrogen atom and of the electron from the proton. Because of the large mass difference between an electron and a proton, we can regard R as thē p-p distance without any problem as long as the distance r = |r| is not too large. This fact makes it possible to directly compare the present results with some quantities defined in the adiabatic picture.
The radial coordinate R = |R| is described in classical mechanics. However, we cannot give the time dependence R(t) unambiguously in the semiclassical theory. As in papers I and II, we adopt a common trajectory for R(t), which is the solution of the following equation of motion:
where µ is the reduced mass of thep + H system, and the Hamiltonian H 0 is
withL andl being the total and electron angular momentum vectors (operators), respectively, m being the reduced mass of the e + p system, and V representing all the Coulomb interactions. Atomic units are used unless otherwise stated. The total energy E tot is given by E tot = E − I , where E is the CM collision energy, and I is the 1s ionization energy of a hydrogen atom. The wavefunction LM(p) (R, r, t) is the solution of the following time-dependent Schrödinger equation:
where L is the total angular momentum quantum number, M is the total magnetic quantum number in the space-fixed frame, and p (= ±) is the parity of the total system. It should be noted that L takes a non-negative integer. Equation (3) is derived from the energy conservation in an average sense, and is expected to be one of the most appropriate choices in the semiclassical theory. Nevertheless, the common trajectory assumption may be poor for the transition that has large energy transfer. Some devices have been suggested to reduce the deficiency in the common trajectory treatment (Pechukas 1969 , Laing and Freed 1977 , Muckerman et al 1988 . However, it is not easy to apply these methods to multichannel problems (particularly in the direct numerical solution). The main aim of this paper is to examine the applicability of the adiabatic picture in slowp + H collisions. For this purpose, we simply assume the common trajectory. We avoid discussing the validity of the common trajectory assumption, which will be reported in a forthcoming full quantum mechanical treatment. Here, we only mention that the present type of semiclassical method is successfully applied to the collision-induced dissociation (Sakimoto 1998 (Sakimoto , 1999 (Sakimoto , 2000a , which has large energy transfer, and also to the rearrangement chemical reaction (Aguillon 1995 , Billing et al 1996 , which is very similar to the present process (1).
Calculations
We solve the time-dependent Schrödinger equation (5) by using the DVR technique as described in paper II. The extension of the calculation of paper II to the low-energy region is straightforward because the Laguerre mesh is used. Most of the numerical parameters can be chosen in the same way as in paper II. The only difference is the choice of the initial condition. Paper I suggested that the bound motion of the electron is adiabatic for R 2 au when the energy is low (E 100 eV). In the present calculation, therefore, we can set the initial point (R i = 5 or 8 au) much smaller than the one (R i 18 au) in papers I and II, and choose the adiabatic (MO) wavefunction as the initial condition at t = 0. This saves computation time. In this paper, the collision energy is limited to E 10 eV so that the inelastic channels (1s → n 2) are closed. When E < I, the break-up channel (2) is also closed, and the occurrence of the electron ionization is identical to protonium formation.
To see the importance of the adiabatic picture in understanding the collision feature, we show in figure 1 the average potential V av (R) calculated by
From the equation of motion (3), the average potential V av (R) can be regarded as an effective sphericalp + H interaction which determines the trajectory R(t) at each instance. In figure 1 , two examples of a low-energy collision (E = 1 eV and L = 20) and a high-energy collision (E = 10 eV and L = 30) are represented. Also plotted are the adiabatic potential V ad (R) taken from Walls et al (1960) and the polarization (−α/2R 4 with α being the static polarizability of a hydrogen atom) and Coulomb (−1/R) potentials. We can see that the average potentials V av (R) given in the collision calculation are independent of E and L, and agree fairly well with the adiabatic potential for all the distances shown in the figure. Furthermore, the polarization potential becomes a good approximation to V av (R) when R > 3 au. The adiabatic ionization energy of thep + H system vanishes at distances R less than the so-called R FT = 0.639 au (Fermi and Teller 1947) . If the adiabatic picture is strictly correct, the ionization occurs only at R R FT . However, it should be noted that the adiabatic ionization energy is still very small (∼0.03 eV) even at R = 1 au, and becomes somewhat large (∼2.4 eV) at R = 2 au (Walls et al 1960) . The non-adiabatic coupling will be very important at R FT < R 1 au. In fact, paper I has shown that the ionization in low-energy collisions becomes significant when the turning point of the relative radial motion is R tp 1 au. The result shown in figure 1 suggests that the adiabatic potential is very useful to get a knowledge of the R motion, at least for R 1 au. Figure 2 further shows the effective potential
for L = 29-34. Since the electron angular momentum is very small compared with L in important cases, the orbital angular momentum of the relative motion can be well approximated by L. Paper I has shown that the position of the turning point R tp is an important factor for understanding the ionization mechanism. As long as R tp > 1 au, we can evaluate the turning point of the trajectory R(t) directly from the effective potential (7). When L 32, the effective potential has always one local maximum (barrier). However, when L 33, the effective potential becomes a monotonic function. For the critical angular momentum L = 32, the local maximum is E c 1.57 eV at R = R c 1.65 au. As will be seen later, it is convenient to discuss the formation mechanism by dividing the energy region according to E ≷ E c . 
Results

The energy region E < E c
First, we consider the energy region E < E c . At these energies, the centrifugal barrier of the effective potential is of critical importance. If the barrier height is higher than the collision energy, we can regard the collision as a distant encounter because the ionization will hardly take place for R tp > R c 1.65 au. We expect that the ionization is possible only when the barrier height becomes lower than the collision energy. The same situation related to the centrifugal barrier is revealed in the study of low-energy ion-molecule chemical reaction (Gioumousis and Stevenson 1958, Sakimoto 1981) . At very low energies, whether the collision is a distant or close encounter may be determined by just the polarization potential. For a variety of the ionmolecule systems, the reaction cross sections can be simply given by the well known Langevin (sometimes called orbiting) value σ L = π √ 2α/E (Gioumousis and Stevenson 1958) . As in the study of the ion-molecule reaction, we define the orbiting angular momentum L o obtained from the effective potential (7): that is, at a given energy E, the turning point is an inner one (
In figure 3 , we show some examples of the first turning points of the trajectories calculated by the equation of motion (3) at E = 0.1 and 1.0 eV. The orbiting angular momenta are L o = 17 and 29 for E = 0.1 and 1.0 eV, respectively. There is a large gap between the turning point for L = L o and the one for L = L o + 1. The details of the electron motion for each L are well visualized by monitoring the time evolution of the electron probability distribution defined by Figure 4 shows the probability distributions for L = L o and
We can see a clear difference in the electron motion for the two partial waves: the collision leads to almost perfect ionization for L = L o , but leads to no ionization for L = L o + 1. When L = L o , the position of the first turning point is R tp = 0.676 au at t = 504 au. Since the escape of the electron is very rapid compared with the nuclear motion, the electron is already away from the proton at t = 500 au, where the relative distance (R = 0.687 au) is still larger than R FT . The electron ionization is completed while the antiproton remains near the proton. As a result, thep + p system has no choice but to lie in a bound state. The occurrence of thē p capture for L L o is certainly confirmed in the present trajectory calculations. We can see in figure 4 that the ionization proceeds in the range of distances R FT < R < 1.5 au. This fact clearly shows that the non-adiabatic transition is a dominant ionization mechanism. Even in slow collisions, once the antiproton overcomes the potential barrier, the collision pair approach each other with acceleration, and thereby the non-adiabatic coupling becomes significant. Figure 3 shows that in the collision calculations, the first turning points for L > L o are R tp > 2 au, and are almost equal to the turning points (R out tp ) obtained from the effective potential (7), as expected. The first turning points obtained in the trajectory calculations for L L o are close to the turning points for the pure Coulomb potential. This is because the probability of the electron surviving near the proton has already become very small before the collision pair reaches the first turning point. Interestingly, the adiabatic potential is still very useful to evaluate the small turning points for L L o although the non-adiabatic coupling is strong at R 1 au.
In figure 5 , we plot the turning points R 2 au at all energies. The collision calculations show that the antiproton is captured whenever R in tp < 1 au, and no ionization (i.e. no capture) occurs when R out tp > 2 au. Therefore, we can always say in the energy region E < E c that the probability for protonium formation is equal to unity when L L o , and is equal to zero otherwise. Consequently, the cross section for protonium formation is simply given by
where k is the wavenumber, and the orbiting angular momentum L o can be accurately evaluated from the adiabatic potential. Figure 5 also shows the present formation cross sections (9), the Langevin values σ L , the CTMC result of Cohen (1997) and the adiabatic cross sections σ ad introduced by Morgan and Hughes (1970, 1973) . The present result (9) becomes the Langevin cross section at E < 0.3 eV, where the outer turning points are R out tp > 3 au, and the assumption of the polarization potential is satisfactory there (figure 1). Morgan and Hughes (1970, 1973) have already suggested that the Langevin value was a good approximation to the formation cross section at low energies. However, the CTMC result is greatly different from the Langevin value at E = 0.272 eV. This is probably because the polarization potential was not taken into account explicitly in the CTMC calculation (Cohen 1983) . The polarizability could not be calculated accurately in classical mechanics. Following Morgan and Hughes (1970, 1973) , we define the adiabatic cross section by assuming that the ionization (i.e. formation) occurs only when the turning point of the effective potential (7) is less than R FT . In the figure, the adiabatic cross section is identical to the formation cross section at E 0.8 eV because the inner turning points become less than R FT . However, σ ad underestimates the formation cross section at E > 0.8 eV.
The energy region E > E c
In the energy region E > E c , the idea of orbiting is meaningless. We need to perform the collision calculation for each partial wave L to obtain the formation cross section. Figure 6 shows the collision feature representative of the energies E > E c . As in the previous case of E < E c , the first turning point R tp can be evaluated accurately by using the adiabatic potential. At energies E > E c , since the turning point increases smoothly with L, and has no gap, the turning point can also take a value in the range 1 < R tp < 2 au. When R tp < 1 au, the antiproton will be sure to be captured in the common trajectory treatment since the ionization occurs predominantly as for E < E c . When 1 < R tp < 2 au, the non-adiabatic coupling will be neither as strong nor negligible. Then, the present semiclassical calculation brings about a situation such that the energy loss due to the ionization is not large enough that the antiproton can be captured. We will have a finite probability for the break-up channel (2). In figure 6 , the partial waves for 39 L 45 show the break-up ionization process. This result is fictitious, because the break-up channel must be closed in reality at E < I. The semiclassical theory, which assumes the common trajectory, always has this type of defect. We can expect that the common trajectory assumption is satisfactory if the ionization probability is a step function, having one or zero, as a function of L (as in the case of E < E c ). This is because the ionization occurs not only rapidly but also locally as seen in figure 4 , and the relative motion of the proton and the antiproton is determined only by the Coulomb force after the perfect ionization. If we carry out a full quantum mechanical calculation for the partial waves rendering the break-up ionization process, we will have finite probabilities both for the formation and elastic channels. Evidently, the common trajectory assumption is poor in this case. In the present calculation, the break-up ionization probability may be interpreted as the formation probability. Accordingly, we define the formation cross section at E > E c as
where σ cap is the capture cross section that is obtained by tracing the trajectories, and σ break is the break-up ionization contribution.
In figure 7 , we draw the trajectories R(t) for L = 35-45 at E = 6.8 eV. The trajectory for L = 35 is a typical case in which the antiproton is definitely captured in the collision calculation. The angular momentum L = 38 is the highest one for which thep capture is confirmed. However, since the second turning point is very large (=6.94 au) for L = 38, the trajectory for L = 37 is drawn instead. When L = 39, although the trajectory is very similar to the one for the almost elastic collision of L = 45, we have a large ionization probability (∼0.5). Figure 8 shows the formation (σ ) and capture (σ cap ) cross sections at E c < E < 10 eV. If the value σ break significantly contributes to the cross section (10), the common trajectory treatment is no longer reliable to describe protonium formation. The contribution of σ break is about 15% at E = 10 eV, and becomes smaller at lower energies. Therefore, we can expect that the present semiclassical method is not so poor in the present energy region. Also shown in figure 8 are the CTMC results of Cohen (1997) and the adiabatic cross section σ ad (Morgan and Hughes 1970 , 1973 , Morgan 1994 . The CTMC results are too small at the lowest energy, as found in the previous section, but are very close to the present results at the high energies. The agreement at the high energies is probably accidental. In figure 6 , the turning points are larger than R FT for L 31. Hence, the ionization for L 31 is clearly due to the non-adiabatic process. From figure 6, we can see that these partial waves make a large contribution to the formation cross section. For this reason, the adiabatic cross section σ ad significantly underestimates the formation cross section. The non-adiabatic effect is very important in calculating the formation cross section at E > E c .
Summary and discussion
The time-dependent semiclassical Schrödinger equation is directly solved for protonium formationp + H →pp + e at E 10 eV by using a DVR technique. Since all the motions except the relative (p-H) radial one are treated quantum mechanically, the conservation of the total angular momentum is correctly taken into account. The present method is applied to investigate the low-energy collisions.
In the energy region E < E c , the formation cross section is equal to the orbiting cross section obtained from the adiabatic potential, and is well approximated by the Langevin value at energies E < 0.3 eV. Fortunately, the formation cross section does not depend on the details of the ionization mechanism. However, this fact does not mean that the adiabatic picture is always satisfactory. The non-adiabatic process is a rather dominant mechanism for the ionization because most of the ionization proceeds at distances R > R FT . If we calculate the energy distribution of the ionized electron (or the level distribution of the protonium), we need an accurate treatment of the collision dynamics. In low-energy collisions, sometimes a resonance effect becomes striking. To describe the resonances, we require a full quantum mechanical treatment. In the present system, however, the ionization dominates the other (elastic) process whenever the collision pair are sufficiently close to each other. In such a case, the resonance effect can no longer be seen (Sakimoto 1989 ).
In the energy region E > E c , the adiabatic potential is still useful to estimate the first turning points, but cannot be used to directly evaluate the formation cross section. The importance of the non-adiabatic process becomes more prominent at these energies. The use of the adiabatic cross section does not make sense at E > E c . An accurate collision treatment is required to calculate the formation cross section. The present semiclassical approach has a defect in this energy region because of the common trajectory assumption. To obtain a much deeper understanding of thep + H dynamics, and further to examine the applicability of the semiclassical theory, carrying out a full quantum mechanical calculation will be very important. In this respect, the situation for the energies E > E c is different from the one for E < E c .
It is very interesting to compare the protonium formation (1) with the µ − capture by H. Apart from the mass difference between a muon and an antiproton, the µ − + H system is the same as thep + H. Figure 9 shows a comparison of the presentp results and the µ − results of Kwong et al (1989) (see also Cohen (1998) ) at energies E < 10 eV. As mentioned before, the µ − study was based on a semiclassical method similar to the present one. If the formation cross section is thoroughly determined from only the adiabatic potential, as in the energy region (1), and the ones at E > I are the results of paper I (E 500 eV) and paper II (E 500 eV) for the break-up ionization (2). The CTMC results are given by Schultz et al (1996) . The µ − + H results are the capture cross section σ cap calculated by the semiclassical method (Kwong et al 1989 , Cohen 1998 ).
E < E c , the cross section is independent of the projectile mass. (In the present semiclassical theory, this is not exactly true since L is quantized.) In the µ − collisions, since the muon is much lighter than the antiproton, the non-adiabatic coupling will be stronger. Accordingly, we may observe the mass dependence of the formation cross section at E > E c . However, the figure shows that the two results agree well with each other not only at E < E c but also at E > E c . It should be noted that Kwong et al (1989) assumed σ = σ cap , and neglected the contribution from σ break at E > E c . If we take the σ break contribution into account in the µ − study, the µ − results at E > E c may become somewhat larger than thep ones (by at most ∼15%?). In any case, the mass dependence of the formation cross section is likely to be weak, at least at E < 10 eV.
In figure 9 , we summarize the energy dependence of the ionization cross section for the channels (1) and (2) calculated in the present method of direct numerical solution. The results at E > I are taken from paper I for E 500 eV and from paper II for E 500 eV. In contrast to the CC method using AO or MO bases, the present direct solution can cover a immensely wide energy range. Similar numerical performance is also possible in the CTMC study (Schultz et al 1996) . However, the CTMC results are too large at intermediate energies, and too small at low energies. (Accordingly, the CTMC results are accidentally close to the present ones at E I .) The CTMC calculation is available only for a qualitative description of thep + H collisions.
